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Abstract: The paper addresses the equilibrium problem of masonry columns subjected to a linear temperature 
distribution across the cross-section, accounting for masonry’s inability to withstand tensile stresses and, in one of the 
cases studied, geometric non-linearity. Some analytical solutions are presented and discussed, with reference to ancient 
masonry towers as well. 
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INTRODUCTION 

Masonry buildings constitute a large part of the 
worldwide architectural heritage. Masonry is an ancient 
construction material whose composition and structural 
effectiveness depend on the constituent materials, 
construction techniques, historical periods, and 
geographical peculiarities. From a mechanical point of 
view, a quite general definition of masonry involves its 
different behaviour for tensile and compressive stress. 
Masonry buildings are, in fact, designed to sustain 
compressive stresses mainly, while tensile strength is 
generally very limited or null for the oldest 
constructions. This introduces a constitutive 
non-linearity that substantially influences the static and 
dynamic behaviour of masonry structures. Among the 
different approaches developed to model masonry’s 
constitutive behaviour, the so-called “masonry-like” or 
no-tension model [1-3], is one of the most consolidated 
and effective, and it has been chosen in the present 
paper to obtain analytical solutions to the problem of 
masonry columns subjected to thermal variations.  

Many authors recognized, since the last century, 
the effects of thermal variations on the structural 
behaviour of masonry elements and massive masonry 
buildings [4, 5]. The problem has been analysed in [6] 
and numerically in [7] in the framework of masonry-like 
materials, while more recent studies regarding 
monuments subjected to thermal loads and fire 
conditions can be found in [8-12]. Moreover, it is a 
well-known opinion among researchers and 
technicians that the daily and seasonal thermal 
variations can induce cyclic deformations and change 
in the dynamic properties of masonry buildings during 
time [13-17]. Despite this, thermal loading of masonry 
structures is still a largely unexplored topic. 
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In this paper the problem is dealt with by using a 
masonry-like constitutive equation that, given the 
normal force acting on the transverse section, relates 
the bending moment to the curvature [18]. The 
equation describes how masonry elements react to 
bending while the eccentricity (i.e. the ratio between 
bending moment and normal force) increases and goes 
out of the central nucleus of inertia of the 
cross-sections, in the hypothesis of null tensile 
strength: indeed, masonry materials cannot withstand 
significant tensile stresses, and their tensile strength 
diminishes over time, together with the mechanical 
decay of the mortar in the joints. Moreover, the tensile 
strength of masonry materials generally degrades with 
the rise in temperature, as shown experimentally in [19]. 
Despite its simplicity, the aforementioned constitutive 
equation – usually employed to model slender masonry 
elements such as columns, arches and towers - allows 
for finding different explicit solutions and describing the 
main properties of such elements under static and 
dynamic loading [20, 21]. 

The paper exploits this constitutive model to 
describe the mechanical behaviour of masonry 
columns subjected to a temperature variation with a 
linear profile through the cross-section (hereafter, 
linear temperature distribution). Two case studies are 
presented: in the first, the column is modelled as a 
cantilever beam with no constraints at the upper end, 
while in the second, the upper end cannot move 
horizontally. These two case studies represent the two 
limit cases that can be found in practice, depending on 
the presence and effectiveness of the constraints 
acting at the top of the column: in fact, a vertical 
masonry element may be stiffened in the transverse 
direction by floors, roofs, suitably placed cross walls or 
other similarly structural elements to which it is 
transversally connected. The first case study is for an 
isolated wall or column, or a vertical element that is not 
effectively stiffened in the transverse direction, such as 
the longitudinal walls of Franciscan churches [22]. The 
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second case is for a vertical element that is effectively 
constrained at the top, as prescribed by the Italian and 
international regulations.  

A remark is finally added to the paper, showing that 
simple analytical solutions can help in understanding 
typical experimental behaviour observed in masonry 
towers during the day. 

1. CONSTITUTIVE MODEL 

In the Euler-Bernoulli hypothesis and considering 
small rotations of the beam’s axis, for a rectangular 
cross-section of height h and depth !, made of an 
elastic material with Young’s modulus E and zero 
tensile strength, the bending moment ! !" related to 
the curvature ! by the relations: 

  !" !  for ! ≤ !

!" !Sign ! 3 − 2 !
!
  for ! > !       (1) 

with ! = !  ℎ!/12. 

The curvature 

! = − !!
!"!!

        (2) 

represents the limit value that allows the section to stay 
fully compressed, and thus in the linear range, and 
depends on the section’s geometry and the normal 
force ! < 0 acting. When ! = !, the eccentricity is 
on the border of the central nucleus of inertia of the 
cross-section, and the corresponding bending moment 
is ! = ± ! ℎ/6 . Relationship (1) represents a 
continuously differentiable function, whose second 
derivative is piecewise continuous. The bending 
moment tends, for ! → ∞ , to the values ! →
± ! ℎ/2, which represent the limit cases in which the 
eccentricity reaches the section’s borders. 

2. COLUMN SUBJECTED TO LINEAR 
TEMPERATURE DISTRIBUTION 

The two cases presented in the following are 
reported in Figure 1. For both cases, the column, of 
length ! , is subjected to a linear temperature 
distribution 

!! =
!!
!

         (3) 

through the cross-section. This loading condition can 
represent the effects of sun exposure on a building’s 
façade. In this case, the temperature increase will 
involve the external part of the building, and typical 
thermal variations are around 20 °C during the day; 
greater values can, in first approximation, model the 
effects of fire. The sign of !! is assumed positive in 
the following. 

 

Figure 1: Schemes adopted in Subsection 2.1 (clamped-free 
column) and Subsection 2.2 (clamped-fixed column). 

2.1. Clamped-Free Column 

The temperature variation induces a constant 
curvature along the beam’s axis,  

! = !!  !!,        (4) 

where !!   is the coefficient of linear thermal expansion 
of masonry. The small deflections of the beam’s axis 
can be easily obtained and are: 

! = − !
!
!!        (5) 

The maximum transverse displacement y (at the 
beam’s upper end) is: 

!! =
!
!
!!        (6) 

It is worth noting that solution (5) is not dependent 
on the normal force acting along the column and does 
not produce stress or cracks in the structure. 

If geometric non-linearity is considered, the 
algorithm shown in [20] can be used to assess the 
influence of deflections and normal force on the 
equilibrium of the masonry column, while also 
accounting for the masonry's constitutive inability to 
withstand tensile stresses. In particular, the iterative 
scheme in [20] can be modified as follows: 

!!!(!!!)

!!!
= −!(!)       (7) 

and ! ! !  is given by 

! + !
!"

! ! ! − ! ! !       (8) 
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for ! ≥ !!
! , and 

! + 4 !!/ !
!"

! ! ! − ! ! ! − 3 !
!

    (9) 

for ! < !!
! ; !!

(!) is root of the equation 

!(!)(!) − !(!)(!) = !
!
.    (10) 

The abscissa !!
(!) boundaries, at the n-th iteration, 

the portion of the beam in which the eccentricity goes 
outside the central nucleus of inertia of the transverse 
section, and therefore the beam is cracked. For the 
problem under examination, for which the bending 
moment induced by the second order effects 
decreases (in absolute value) along the beam’s axis, 
equation (8) is for the uncracked portion of the column, 
while the equation (9) is for the cracked portion. If the 
column’s cross-sections are all fully compressed, then 
!!
(!)  is 0. The curvature (!(!) − !)   at the n-th 

iteration    is obtained by inverting the constitutive 
equation (1). The algorithm is initialized by setting 
!!
(!) = 0 and !(!)(!) coincides with the linear solution 

(5). The iterative scheme is repeated until  

max
!∈[!,!]

!(!!!)(!)!!(!)(!)
!(!)(!)

< !,    (11) 

with ! set at 10!!.  

Some solutions are shown in Figures 2a and 2b. 
The curves refer to the following data on the geometry 
of the beam: a) ℎ = 0.4  m, ! = 1  m, ! = 6  m ; b) 
ℎ = 1  m, ! = 1  m, ! = 6  m. Case 2a has a slenderness 
ratio [23, 24] of 30, which is considered a limit value by 
technical regulations for masonry walls in the absence 
of seismic loads. Case 2b has a slenderness ratio of 12, 
which is the limit value for masonry walls under seismic 
loads [24] and is common in historical constructions. 
The mechanical properties of masonry are [24]: 
! = 3.000 MPa and !" = (5 ∙ 10!!  ) °C-­‐1. The figure 
shows the maximum displacement |!!|, normalized to 
the beam’s length, plotted against the temperature 
variation !", for different values of the ratio |!|/!!, 
being !! the buckling load of the element. The figure 
clearly shows that the problem is prone to 
second-order effects: considering geometric 
non-linearity visibly affects the displacements, which 
increase with respect to the linear solution, even for 
small values of the normal force. Figure 2a shows the 
combined effect of geometric and constitutive 
non-linearity. In Figure 2b, which refers to less slender 
elements, the beam’s cross-sections are still 
compressed for the considered temperature range, and 
the solution depends on the geometric non-linearity 
only. It is worth noting that both the thermal and 
mechanical properties of masonry change at high 
temperatures [23]. In particular, the mechanical 

properties (material strength and modulus of elasticity) 
tend to decrease with temperature [19]; thus, at higher 
temperatures, non-linear effects are expected to 
become increasingly important. The temperature 
variations considered in the present study correspond 
to ranges in which the hypothesis of constant 
mechanical properties is reasonably satisfied. 

 

       (a) 

 

      (b) 

Figure 2: Clamped-free masonry column: effects of 
geometric non-linearity. Dashed line: solution without 
geometric non-linearity. Continuous line: with geometric 
non-linearity (red line: |!|/!!  = 0.2; green line: |!|/!!  = 
0.35; blue line: : |!|/!! = 0.5; magenta line: |!|/!! = 0.65). 
Geometry of the beam: a) ℎ = 0.4  m, ! = 1  m, ! = 6  m; b): 
ℎ = 1  m, ! = 1  m, ! = 6  m. 

2.2. Clamped-Fixed Column 

In the case shown in Subsection 2.1 for a 
clamped-free column, the temperature variation (3) 
induces a deformed shape (5) and a displacement of 
the beam’s top (6), which can be determined by 
geometric observations only and does not induce any 
stress or cracks in the column. In the case of a 
clamped-fixed beam, the displacement is prevented by 
the constraint acting at the beam’s top. We can use the 
solutions presented in [20] for a cantilever masonry 
beam subjected to a horizontal load at its top to 
determine the unknown force induced by the column 
constraint. The linear elastic solution gives: 
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!!"# =
!  !!!!!  !  

!!
      (12) 

and the corresponding bending moment along the 
beam’s axis is: 

!!"# = !!"#  (! − !)     (13) 

Therefore, it is an easy matter to determine the 
value !!"# that induces the first crack at the beam’s 
base: 

!!"# =
! !  

!!!  !"
= !  

!
   !
!!

     (14) 

with ! given by (2). Thus, for !! ≤ !!"#, the reaction 
force is given by (12). For !! > !!"#, the reaction force 
! at the beam’s upper end can be deduced by solving 
the equation  

!!

!  !!!
17! − 15! − 12  ! log !!

!
=   !!

!
  !!  (15) 

where we have introduced the curvatures 

! = 3! − !       (16) 

and 

!   = !  !
!  !

      (17) 

It is worth noting (15) that ! is a non-linear function 
of !,!! and !!. The bending moment at the column’s 
base is given by 

!!   = !"      (18) 

and the range in which !  is defined immediately 
follows: 

! !  
!  !

<   ! ≤ ! !  
!  !

     (19) 

When ! → ! !  
!  !

, and thus the eccentricity is at the base 
section’s border, then ! → 0 and !! → ∞, while when 
! → ! !  

!  !
, and thus the column’s cross-sections are all 

fully compressed, ! → 2! and !! → !!"#. 

Figures from 3 to 8 refer to a column of length L = 6 
m and transverse section of h = 0.4 m and b = 1 m and 
describe the results for the problem under examination. 
The characteristics of the material [24] are given by a 
Young’s modulus of 3.000 MPa and a coefficient of 
linear thermal expansion !! = (5 ∙ 10!! ) °C-­‐1.  

Figures 3 and 4 show the trend of !  as a function of 
!" and !, which in turn depends, once the beam’s 
geometry is fixed, on the normal force acting on the 
transverse section. Figure 4 plots the reaction force for 
increasing values of the normal force and for the linear 

case, which is represented by the dotted straight line. 
Under the limit value of !"  identified by !!"# , the 
behaviour is linear. As expected, in the non-linear case, 
the reaction force is lower than the corresponding 
linear value due to the reduced global stiffness of the 
system induced by the masonry-like behaviour. As the 
normal force increases, the global behaviour of the 
column tends towards linear-elastic behaviour. 

 

Figure 3: Clamped-fixed masonry column: three-dimensional 
plot of ! vs. !" and !. 

 

Figure 4: Clamped-fixed masonry column: Values of ! vs. 
!". Linear elastic solution (dashed line), non-linear solution 
for !  = 50000 N (yellow), !  = 120000 N (green), !  = 
240000 N (orange).  

Once the reaction force ! is determined, it is an 
easy matter to calculate the maximum compressive 
stress acting at the clamped edge of the column: 

!!"#$ =
!!

!!   !!!
!"
!

     (20) 

and, in dimensionless form: 

!!"#$
!!

= !

!   !!!(!,!!)!!

     (21) 

where  

!! = !
!  !

      (22) 
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represents the average compressive stress acting over 
the column’s sections. 

For ! = ! !  
!  !

, the ratio 
!!"#$
!!

 is two.  

For ! = ! !  
!  !

, the ratio !!"#$
!!

 and the maximum 
compressive stress tend to infinity, accordingly with the 
infinite compressive strength hypothesized. Figure 5 
shows the ratio !!"#$

!!
 as a function of the normal force 

and the temperature variation. The figure highlights the 
non-linear response of the cross-sections due to 
cracking. The ratio is lower-bounded by 2, which 
represents the limit case in which the eccentricity is on 
the boundary of the central nucleus of inertia of the 
base cross-section, and the section is thus fully 
compressed. Figure 5 instead plots the maximum 
compressive stress as a function of temperature 
variation and normal force. The linear-elastic case is 
also plotted in the figures as dashed lines. Although the 
reaction force – and thus the bending moment - 
induced on the column in the masonry-like case is 
lower than the corresponding linear value, the 
non-linear response of the section, which is partially 
compressed, induces a maximum compressive stress 
which is greater than the corresponding linear value. It 
is worth noting, however, that the values in the linear 
and masonry-like case are quite similar up to moderate 
values of the temperature variations, depending on the 
normal force acting over the column: for ∆T =100°C, 
the maximum compressive stresses in the 
masonry-like case are about 11% (for case a in the 
figure) and 4% (for case b) greater than the 
corresponding linear ones. The difference between 
linear and masonry-like stresses tends to decrease for 
increasing values of the normal force. 

 

 

Figure 5: Clamped-fixed masonry column. Values of !!"#$

!!
 

vs. the normal force !, for different values of !".  

Regarding the column’s deformation, let us define 
by !! the abscissa along the column’s axis in which 
the curvature (! − !)  reaches the limit value !. In this 
case, !! is given by: 

!! = !   1 − !
!

      (23) 

 
   (a) 

 
   (b) 

Figure 6: Clamped-fixed masonry column. Values of |!!"#$| 
vs. the thermal variation ∆! , for: a) ! = 50000! , b) 
! = 250000!. Linear solution in dashed line. 

The column’s deformed shape is given, for ! ≤ !!, 
by: 

!!(!) = !! + !!  ! +
!!!!!

!!
log ! !

!
− 1 + 3! +

!!!!
!
!!        (24) 

for ! > !!, by: 

!! = !! + !!! −
!
!
!! + !

!!
!! + !!!!

!
!!,   (25) 

with the constants 

!! = − !!!!!

!!
log(3! − !),

!! = − !!"!

!
!

(!!!!)
,

!! = − !  (!!!)!

!!(!!!!)
,

!! = − !!

!!!
!! + 9!!! − 10!!

−24!!(log2! − log(3! − !)) .

  (26) 

The solution given by (24)-(26) fulfils the constraints 
!!(0) = 0, !′!(0) = 0, !!(!) = 0, the equilibrium and 
the constitutive requirements, once bending moment 
!(! − !)  is considered in (1). Figure 7 shows the 
deformed shape of the column in the linear and 
non-linear case. The maximum deflection in the 
non-linear case is about 20% greater than that in the 
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linear case, but anyway very limited in respect of the 
column’s length. The phenomenon is also shown in 
Figure 8, where the maximum deflection is plotted vs. 
the temperature variation, for the masonry-like and the 
linear case. At high values of !"  the difference 
between non-linear and linear case is in the order of 
200%, remaining however the values of the deflection 
very small (less than 1 cm). It is worth noting that, in the 
clamped-free case, the same geometry, for the same 
high values of temperature variation, would have 
corresponded to a maximum deflection (6) in the order 
of 5 cm. The constraint at the upper end is thus 
effective to limit the beam’s deflections and prevent 
second-order effects. 

 

Figure 7: Clamped-fixed masonry column. Deflection 
evaluated in the non-linear case (continuous line) and the 
linear case (boxes), for ! = 100000!, ∆! = 50°!. Dots are 
for the FEM solution. 

 

Figure 8: Clamped-fixed masonry column. Maximum 
deflection of the column vs. ∆! , for ! = 100000  N . 
Masonry-like case (continuous line) and linear elastic 
material (dashed line). 

The analytical solution has been tested against 
finite element analysis. To this end, a conforming beam 
element equipped with cubic shape functions - thereby 
guaranteeing the continuity of transverse 
displacements and rotations of the beam’s axis – has 
been used [21, 25]. The finite element (FEM) solution is 
shown in Figure 7 (red boxes) against the analytical 
one. The figure highlights an excellent agreement 
between the analytical and numerical results.  

3. DAILY TILT VARIATIONS OF MASONRY 
TOWERS: SOME REMARKS 

Long-term monitoring campaigns on masonry 
towers show that daily and seasonal temperature 
variations affect the structural behaviour of such 
structures, in terms of both deflections and dynamic 
properties. A peculiar behaviour is observed by 
measuring the slope (or the horizontal displacement) of 
the tower’s top during the day, which is found to rotate 
around its vertical axis and describe a loop. Some 
examples are shown in Figure 9 and concern a) the 
daily movements of the medieval towers in Lucca, such 
as the San Frediano bell tower, [14] and b) those of the 
Leaning Tower’s top in Pisa [16]. Both diagrams show 
the towers’ top that rotates during the day. The San 
Frediano bell tower is restrained at the base by the 
walls of the adjacent Cathedral, while the Leaning 
Tower is an isolated structure and is thus able to freely 
rotate around the vertical axis. These cyclical diagrams 
are attributed to the exposure to the sun during the day, 
which alternately warms the external surfaces of the 
towers, giving rise to a temperature gradient and a 
consequent imposed deformation that changes its 
direction during the day, following the path of the sun. 
Equation (6), which describes the maximum deflection 
of a cantilever beam under a linear temperature 
distribution, allows us to derive a simplified formula to 

 
(a) 

 
(b) 

Figure 9: Daily tilt of: a) the San Frediano bell tower in 
Lucca[14] ; b) the Leaning Tower of Pisa [16]. 
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estimate the order of magnitude of the tower's 
maximum inclination due to exposure to the sun: 

|!!|
!
= !! !"

!  
  !
!

      (27) 

where H represents the tower’s free height in the 
considered direction.   In fact, as a first approximation 
and given its slenderness, a masonry tower can be 
modelled via the Euler-Bernoulli model presented in 
the paper. By assuming a typical value of 6 for the ratio  
!
!
 [14,26], a daily thermal variation !" of (15 – 20) °C 

between the exposed and protected walls of the façade, 
for a coefficient of linear thermal expansion varying in 
the range of 5 ÷ 10 ∙ 10!!  °C-1, which is suggested 
by the Italian regulations [24], we have 

|!!|
!
= 2 ÷ 5 ∙ 10!!     (27) 

whose order of magnitude agrees with the 
experimental values, for both the diagrams shown in 
Figure 9.  

4. CONCLUSIONS 

The paper presents new explicit solutions to the 
equilibrium problem of masonry columns subjected to a 
linear temperature distribution through the 
cross-sections. The problem is solved by considering 
the masonry’s inability to withstand tensile stresses, by 
means of a masonry-like constitutive equation. Two 
case studies have been considered, depending on the 
degree of constraint at the column’s upper end: the first 
is for a cantilever column, the second is for a 
clamped-fixed column. The main findings of the 
research are the following: 

1) A cantilever column is free to deform under the 
temperature distribution considered. However, 
combining the second-order effects with the 
constitutive non-linearity of masonry can 
significantly affect the equilibrium solution. The 
problem is solved numerically through a 
specifically developed iterative scheme. 

2) An original explicit solution is presented for 
clamped-fixed masonry columns. The constraint 
at the upper end is effective in limiting the 
column’s transverse deflections and thus 
preventing second-order effects. Both the 
beam’s maximum deflection and the maximum 
compressive stresses reached in the 
cross-sections are higher in the masonry-like 
solution than in the linear elastic solution. The 
linear solution works quite well for estimating the 
maximum compressive stress at moderate 
temperature variations (up to 100°C), while the 
differences in deflection tend to be large anyway. 

3) The analytical solutions have been tested 
against finite elements, with excellent 
agreement. 

4) The simple formulas used for the cantilever 
columns can explain the experimental behaviour 
observed in masonry towers, which are found to 
rotate during the day about their vertical axis 
because of the thermal gradient induced by the 
exposure to the sun. 

The solutions presented in the paper can serve as a 
simplified tool for estimating the main properties of 
masonry vertical elements subjected to thermal 
variations and supporting experimental data analysis. 
Future effort will be devoted to testing the model's 
performance against more sophisticated thermo- 
mechanical analyses and to addressing the model's 
hypotheses about the dependence of masonry's 
mechanical properties on temperature. 
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